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LOCALIZATION OF COMPLETE INTERSECTIONS
TONY J. PUTHENPURAKAL
Abstract. Let (A,m) be an abstract complete intersection and let P be a
prime ideal of A. In [1] Avramov proved that AP is a complete intersection.
In this paper we give an elementary proof of this result.
1. introduction
We say a local ring A is geometric complete intersection if A = Q/(f1, . . . , fc)
where Q is regular local and f1, . . . , fc is a Q-regular sequence. We say A is an
abstract complete intersection if the completion Â is a geometric complete intersec-
tion. Geometric complete intersections are abstract complete intersections but the
converse is not true, see [6, section 2].
If A is a geometric complete intersection and P is a prime ideal in A then it
is elementary to show that AP is a geometric complete intersection. However the
corresponding result for abstract complete intersection is difficult to show. In [1],
Avramov showed that if (A,m) → (B, n) is a flat local map of Noetherian local
rings then B is a complete intersection if and only if A and B/mB are complete
intersections (also see [2]). Using this fact it is not difficult to show that if A is
an abstract complete intersection then so is AP for any prime ideal P in A; see [4,
2.3.5].
In this short paper we give an elementary proof of the following fact:
Theorem 1.1. Let (A,m) be an abstract complete intersection of codimension c
and let P be a prime ideal in A. Then AP is an abstract complete intersection of
codimension ≤ c
2. preliminaries
In this section we discuss a few preliminary results that we need. Throughout
all rings are Noetherian and all modules considered are finitely generated. If M is
an A-module then ℓA(M) denotes its length as an A-module.
2.1. Let Q be a ring (not necessarily local) and let R =
⊕
n≥0R2n be finitely
generated Q-algebra generated by R2. Let E =
⊕
n≥0En be an R-module with
Date: December 23, 2019.
1991 Mathematics Subject Classification. Primary 13H10; Secondary 13D02.
Key words and phrases. complete intersections, cohomology operators.
1
2 TONY J. PUTHENPURAKAL
ℓQ(En) finite for all n ≫ 0. Then there exists a quasi-polynomial pE(z) of period
two such that pE(n) = ℓQ(En) for all n≫ 0.
2.2. Let A be local and let M be an A-module. Then
Ext∗A(M,M) =
⊕
n≥0 Ext
i
A(M,M) is an A-algebra (by the Yoneda product; see
[7, III.5]). This algebra is usually not a finitely generated. However if A is an
abstract local complete intersection then there exists finitely many central elements
u1, . . . , um ∈ Ext
2
A(M,M) such that Ext
∗
A(M,M) is finitely generated S-module
where S = the A-subalgebra of Ext∗A(M,M) generated by u1, . . . , um; see [3, 4.9].
In particular we may assume that Ext∗A(M,M) is a finitely generated A[Y1, . . . , Ym]-
module for some variables Yi with deg Yi = 2 for i = 1, . . . ,m.
2.3. Let R be a ring and let E be an A-module with Support(E) ⊆ {n} where n is
a maximal ideal of R. Set B = Rn. Then ℓR(E) = ℓB(En).
2.4. Let (A,m) be local. Set k = A/m. The Poincare series of A is the formal
power series PA(z) =
∑
i≥0 ℓA(Tor
A
i (k, k))z
i. It is well-known, see [5, 3.1.3] that
there exists uniquely determined non-negative integers ǫi with
PA(z) =
∞∏
i=0
(1 + z2i+1)ǫ2i
(1− z2i+2)ǫ2i+1
Set ǫi(A) = ǫi. Furthermore the following assertions are equivalent (see [5, 3.5.1])
(i) A is a complete intersection.
(ii) ǫ2(A) = 0.
(iii) ǫ3(A) = 0.
2.5. An abstract complete intersection is a Gorenstein local ring. In particular it
is Cohen-Macaulay and so universally catenary.
2.6. Let A be a Gorenstein local ring and let 0 → M → F → N → 0 be an exact
sequence with F free. Then ExtiA(M,M) = Ext
i
A(N,N) for all i≫ 0.
3. proof of Theorem 1.1
In this section we give
Proof of Theorem 1.1. We may assume d = dimA > 0.
Case(1): height(m/P ) = 1.
Let f ∈ m \P . Set R = Af . Then n = PAf is a maximal ideal in R. Also let κ(P )
denote the residue field of AP .
Set M = SyzAd (A/P ); the d
th syzygy of A/P . By 2.2 the A-algebra
E = Ext∗A(M,M) is finitely generated as a S = A[Y1, . . . , Ym]-module with some
variables Y1, . . . , Ym of degree 2. Then Ef is finitely generated as a
Sf = Af [Y1, . . . , Ym]-module.
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Notice for i > 0 we have Support(ExtiR(Mf ,Mf)) ⊆ {n}. It follows from 2.1
that there exists a quasi-polynomial pE(z) of period two such that pE(n) = ℓ(En)
for all n ≫ 0. Furthermore by 2.3 we get ℓR(En) = ℓAP ((En)P ) for n > 0. As
AP is Gorenstein we get that Ext
i
AP
(MP ,MP ) = Ext
i
AP
(κ(P ), κ(P )) for i≫ 0. It
follows that
PAP (z) =
h(z)
(1 − z2)r
for some r ≥ 0 and h(z) ∈ Z[z].
So e3(AP ) = 0. It follows from 2.4 that AP is an abstract complete intersection.
Case (2): P is a prime ideal in A with r = height(m/P ) > 1.
A is Cohen-Macaulay and so catenary. It follows that there exists prime ideals Pi
such that P = Pr ⊆ Pr−1 ⊆ · · · ⊆ P1 ⊆ P0 = m and height(Pi/Pi+1) = 1 for all i.
By Case (1) AP1 is a complete intersection. As heightAP1 (P1AP1/P2AAP1 ) = 1 it
follows again by Case (1) that
AP2 = (AP1 )P2AP1
is a complete intersection. Iterating we get that AP is an abstract complete inter-
section.
By considering a minimal resolution of A/P over A it follows easily that com-
plexity of κ(P ) is ≤ c. It follows that codimension of AP is ≤ c. 
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